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20.1. Introduction. 

20.1.1. Earlier, in Unit-11, we had gone through the procedure of statistically comparing the means of two samples. 

The students will recollect that we had clearly said that the ‘t’ test for comparing the means should be used only if two 

samples are being compared; if there are more than two samples whose means are to be compared then ANOVA (and 

not ‘t’ test) should be used. It is only after ANOVA gives statistically significant results, that the comparisons between 

two individual groups should be done using a modified procedure of ‘t’ test (the LSD method). In addition, there are 

extensions of ANOVA, namely, the “Two way ANOVA” in which the effect of different treatment modalities as well 

the “interaction” between these different treatment modalities is to be statistically assessed. In the first part of this 

unit, we will have detailed deliberations on these different procedures involving ANOVA, duly illustrated with solved, 

medically oriented hypothetical examples.   

20.1.2. In addition, we had cautioned that even for comparing two groups, the ‘t’ test should be used only when we 

are comparing the “means” (i.e., when the data has been recorded as continuous or discrete numerical variable). 

However when the two groups being compared for a variable for which measurements have been made on a 

“numerical ordinal” scale, then we should not undertake ‘t’ test for comparing means but rather we should undertake 

non-parametric tests for comparing the “medians”. The non-parametric tests are so named since they do not compare 

“parametres” (as means) of samples.  For comparing two independent sample medians, the non-parametric test is the 

“Wilcoxon rank sum test” (or the Mann Whitney test), while for comparing the medians of dependent samples (as 

before and after studies), the non-parametric test is the Wilcoxon’s signed rank test. The non-parametric extension for 

comparing three or more sample medians (a counterpart of ANOVA for three or more means) is the  “Kruskal Wallis 

“ test followed by “Dunn’s procedure” for inter group comparisons. In fact, the Chi Square test described in Unit – 11 

is also, by definition, a “non-parametric” test. In the second part of this unit, we will have detailed discussions, along 

with illustrated examples for solving, about the non-parametric tests.  

20.2. Objectives. After studying this unit, you should have a clear understanding of: 

(a) Situations in which ANOVA and not  the ‘t’ test is to be undertaken. 

(b) Procedure of undertaking test for homogeneity of variances between the three or more groups whose means are to 

be compared and thereby deciding whether to undertake ANOVA or a non-parametric test. 



(c) Procedure of making calculations and interpreting the results of simple (one – way) ANOVA. 

(d) Procedure for making comparisons between individual groups regarding differences in means, once ANOVA has 

come out significant. 

(e) Procedure of undertaking “Two – way ANOVA” and “ANOVA for test – retest reliability”. 

(f) “Non-parametric” tests and situations in which non-parametric tests (and not t-test or ANOVA) are to be 

undertaken. 

(g) Procedures of undertaking non-parametric tests for comparing the medians of two independent samples and two 

dependent samples (Wilcoxon’s test and Mann Whitney U test). 

(h) Procedure of undertaking Non-parametric tests for comparing the medians of there or more samples (Kruskal 

Wallis test). 

(i) Procedure of undertaking test for significance of difference of medians between individual groups once Kruskal 

Wallis test gives significant results (Dunn’s procedure).   

Part – 1 : Analysis of Variance (ANOVA). 

20.3. Overview of Analysis of Variance (ANOVA). Quite often, in medical research, there are situations when  more  

than  two groups are  being  studied,  with  the variable  of interest being measured on a continuous scale.  For example, 

we may take 3 "samples" of newborn babies,  the first whose mothers  are non vegetarians,  the  second  of 

mothers  who  are  ovo-vegetarians and the third  sample  of 

babies  whose  mothers  have  been  pure  vegetarians.   Our interest  in such  a study would be to  compare  the  birth 

weight  of  children in the three groups.  Now,  here  is  a situation when the outcome variable (Birth weight) is  being 

recorded on a "continuous" scale.  Secondly, we are in  fact testing  a  hypothesis as to whether there is  a  difference 

between  the three large reference population  (millions  of ladies  in one of the three dietary groups each) as  regards 

birth weight of their children.  In other words, we want  to calculate  the "probability" with which the results  of  our 

three "samples"  may  be different from  the  reality  that exists in the three large reference populations.  Thirdly, this 

situation is different  from the ones we  dealt  with in an earlier unit on “difference between two means”, in that we 

are now  trying  to compare  three  sample means as compared  to  "two  samples means" that were the issue in the 

earlier unit. 

 At the first sight, quite intuitively, we may decide to undertake   `t'  tests, between each of  the  two groups 

(Non - veg vs ovo - veg; ovo - veg vs pure veg; and , Non  - veg vs. pure veg).  Such wrong procedure  has   quite 

often been  done in medical research.   The  procedure  may appear  to  be intuitively correct but is   wrong because in 

doing so, there is a high probability of  wrongly rejecting  the  null hypothesis (i.e, increased  chances  of alpha error).  

The correct procedure to be followed whenever three or  more means are being compared is  "  Analysis  of Variance" 

(ANOVA). 

20.4. Illustration of “within the group variations” versus “between the group variations”  with an example. Let  us deal 

with the topic taking the example  that  we have  already  indicated.  The following is  a  hypothetical data  of the birth 

weight of 5 newborns each from Non -  veg mothers  (group 1), ovo - vegetarian mothers (group  2)  and pure veg 

mothers (group 3). 

 



 

=========================================================== 

Serial No   Birth weight  (grams) 

of new born   group 1  group 2  group 3 

-----------------------------------------------------------------------------------------------------  

1    2950  2719  2431 

2    3218  3005  2830 

3    2820  2821  2216 

4    3116  2785  2952 

5    3206  2695  2511 

-----------------------------------------------------------------------------------------------------  

group total  =   15309  14025      12940 

No. of subjects=     5           5           5 

group mean   =       15309/5    14025/5    12940/5 

     = 3061.8   =2805      =2588 

=========================================================== 

Grand Total =    (15309+14025+12940)    = 42274      Total subjects = 15,  

Grand mean = 42274 / 15 = 2818.27. 

=========================================================== 

 To  explain,  the above data from our 3 samples  of  5 subjects each, shows that the mean birth weights 

of  infants is much higher among non-veg mothers, followed by ovo -  veg mothers  while it is lowest among pure - 

veg mothers.   Now, the  null - hypothesis in this situation says that there  is, in  reality,  "no difference" in the 

three  large  reference populations as far as the birth weight is concerned.  On the other hand, our "samples" show that 

there is  a  difference.  We would therefore work out, statistically, the  probability with  which we are likely to, based 

on our  sample  results, reject the null hypothesis  (of no difference in the 3 large reference populations). 

 Now,  obviously, there is some "variation" between  the "group means" from each other (3061.8 vs 2805 vs 

2588).   To make it more clear, suppose we pool all the 15 observations and  calculate a grand mean it comes out 

to  2818.27  grams.  Thus, the three group means (3061.8, 2805 and 2588) have  a "variation"  between each other 

which becomes more  apparent when  we compare them against a common, "grand mean".   This is what we call as 

"between the group variation" in ANOVA. 

 There is yet another source of variation in our data - each observation has a variation from its 

own group mean.  Thus, in group 1, the readings (2950, 3218, 2820, 3116 and 3205) are all at a variation from their 

own "group mean" (3061.8).  This is called "within the group variations" in ANOVA. 

 Now,   if  in  our  data,  the  "between   the   groups variations"  is large while "within the group variation"  is 

quite small,  then  it  would  mean  that  the  groups  (as "overall groups") will stand out clearly different from 

each  other.  On  the other hand if the "between  groups  variation"  are large,  than  the  groups would not  stand  out  as 

clearly different from each other.  In other words, if the ratio  of "between  groups variations"  as compared to 



"within  groups variations" is high, we would be more inclined to say that a difference does exist between the groups. 

 The discussion in the previous paragraph can be further explained with the example of a simple day to day 

phenomena.  If  we  were  to  answer  the  question.   "Is the   petrol consumption of a two wheeler significantly better 

than  that of a car?, our answer would be instantly  " yes, because the average petrol consumption of a two wheeler is 

much  higher, say 35 kilometers per liter (k.p.l.) compared to an  average of 12 kilometer per liter for a car".  However, 

if we deeply examine  our  reason, the fact that  petrol  consumption  is better for scooters (group 1) as compared to 

cars (group  2) simply  because the averages are 35 k.p.l and 12  k.p.l.  is only  one  part  of the answer.  In 

addition  to  the  high "between the groups variation" (i.e., 35 vs 12 k.p.l), there is one more facet.  The petrol 

consumption of scooters as  a group will have very little "within the group  variability" around  their group mean of 

35.  For example, if we take  10 scooters, and find out their consumption, the results  would be  35, 31,  33,  35, 35, 

39, 35,  37,  34,  36.  Thus  the variability within the group is just 4 k.p.l on each side of their  mean of 35 k.p.l.  

Similarly, the "within  the  group variation"  for  cars as a group will also be  quite  small, about their group average 

of 12.  In other words,  we  draw our  final conclusion because of two facts -  firstly,  the "between  groups  variation" 

of scooters vs cars  is  quite large (35-12=23)  in  comparison  to  the  "within   group variation" for either cars or 

scooters which is say, 4 or  5 k.p.l.  only.   Now, ask yourself a question - even  if  the 

average   k.p.l.  of  scooters  and  cars  was  35  and   12 respectively  but  if the within the group  variability  for 

each  group  was very large (say, ranging from 2 k.p.l. to 76  k.pl. for cars as well as scooters), would you have still 

concluded in such  a straight-forward manner that scooters have a  better k.p.l?  possibly, no. Because, now, in 

this  situation, the within  the group variations are much larger as compared  to "between  the  group variation".  

This  issue  of  comparing "between  the  groups  variability  to  "within  the groups variability" is the central issue of 

ANOVA. 

20.5. ANOVA versus ‘t’ test. Before we start our discussion on calculation of ANOVA, we would like to clarify one 

issue.  While we should not  do a   `t' test if we are comparing 3 or more means  (as said earlier in this chapter), the 

reverse is not true.  In other words, in all those situations where we want to do (and,  of course, can do) an "unpaired 

`t' - test", we can alternatively do ANOVA for 2 groups means.  This  is because unpaired `t' - test is nothing but a 

special form of ANOVA.  In fact, the "EPI-info statistical package", (which has  been  recommended  by the 

W.H.O.  and  which  we  shall describe   subsequently in the   later units   on   computer applications in medical 

statistics)  does an ANOVA for you instead of an unpaired `t'  test  when you want to compare two means, and  this  is 

perfectly  in  order.  In other words,  when  comparing  the "means"  of 2 groups (of course, with equal variance),  the 

medical  researcher  has  the option  of  using  either  the unpaired t-test or ANOVA.  However, when comparing 3 or 

more means (again, of course, with equal variances), one has  to undertake  ANOVA and here one should not use the 

unpaired  t test. 

20.6. First step in  "ANOVA:  See  whether  the  variances  are homogeneous or not. Once we have decided to do 

ANOVA, we must first of  all see  as to whether the "variances" of the 3 or more  groups, whose means  are to be 

compared, are homogeneous  or  not, analogous  to what we had discussed in Unit - 11,  before starting  an  unpaired 

`t' test.  Secondly, we  should  make sure  that  the variable of interest in the  three  or  more 

groups  being   compared  is  being  measured   on   either  "Continuous"  or "discrete" scale, as earlier  described  in 



Unit - 11.  In case the variable is being measured on  an "ordinal  numerical"  scale, eg. some sort of  "scores" (as 

pain  scores, dyspnoea scores etc; see chapter 4),  then  we should  not  use  ANOVA because 

the  numbers  are  not  real mathematical  numbers.   We  should,  rather, compare   the "medians"  of the 3 or more 

groups being compared  by  using "Kruskal  - Wallis  non parametric test"  as  described  in the second part of this 

Unit. 

20.7. Bartlett’s test for homogeneity of variances between the groups being compared. Once we are sure that the 

variable of our interest is  being measured  on  either "Continuous"  or  "Discrete"  numerical scale (and not on an 

"ordinal numerical" scale) we  proceed to  test whether the variances of the groups being  compared are "homogenous" 

by means of "Bartlett's test".  This  test is undertaken in the following steps :- 

                                                                          S2 

Steps - 1 : Calculate “a”  =  ∑   (ni – 1 )  x  In ----- 

                                                                           Si
2 

Where   ni     =  number of subjects in the respective  groups 

 ∑    = Summation Sign 

 In    =  log normal 

 S2   =  Common variance which is calculated as per formula given below 

   Si    =  Standard deviation of the respective groups  

and,  S2    =  ∑ ( ni – 1 )  Si
2 

                                 ------------------ 

      (N - k) 

Where  N    = Total number of subjects in all the groups combined and  k     = Total number of groups. 

Step 2 : 

                   

Calculate  “b” =         1                               1            1     

                            1 +        --------        X    ∑    --------       -            -----------      

       3(k - 1)                 (ni - 1)                         N - k  

Where N, ni and K have already been defined above 

Step 3 : Calculate x2  =         a 

                        b 

Step 4 : Calculate degrees of freedom (df) = (k-1)  

Step 5 : See  chi-square  table  value at p = 0.05  and df = (k-1) as  explained  in  Unit - 11  and  compare  with 

calculated  x2 value.  If calculated value is less than the table value than the variances are homogeneous (are not 

significantly different) and we can proceed with ANOVA.   On the  other  hand, if the calculated x2  

value  is  more  than table value, we conclude that the variances of  the  groups 

are  significantly  different  from  each  other  (are   not homogeneous)  and if this be so, we should not proceed  with 

ANOVA but rather with the Kruskal wallis non parametric test as explained in the second part of this unit. 

20.8. Illustration of Bartlett’s test with a hypothetical example. Now,  let us illustrate the Bartlett's test  using  our 



hypothetical  data  presented  earlier on  birth  weight  - dietary habits. Firstly,  the standard deviations (s) of the 

3  groups can be easily calculated, as explained in Unit - 4, using the equation. 

               _________ 

SD =     ∑(x – xi)2 

                n - 1 

(It can be more easily calculated using a simple, scientific calculator,   or else by feeding the data in an Excel sheet 

and using the statistical functions). Accordingly, in  our  example,  we  can  calculate   the respective standard 

Deviations (Si) of the 3 groups as  

S1 = 172.34,     S2 = 122.63   and   S3 = 300.01  

now, pooled variance (S2) 

 

                      ∑  ( ni – 1 )  Si
2 

                      =            ------------------ 

      (N - k) 

Where     n1= 5,       n2= 5,         n3=  5  

               S1 = 172.34,     S2 = 122.63   and   S3 = 300.01  

    N =  (n1 + n2  + n3 ) = 15 

               K = No. of groups = 3. 

Substituting, we get  

 S2 =  (5 - 1) X (172.34)2          (5-1) X (122.63)2         (5-1) X (300.01)2 

                     --------------------  +     --------------------  +   -------------------------         

                              15 - 3                           15 - 3                             15 - 3     

 

 

                   4 x 29701.08          4 x 15038.12             4 x 90006.00 

  =   ---------------    +    -------------------  +     --------------- 

                           12                            12                            12 

 

 =    44915.23 

Now, let us calculate 

 

                                         S2 

a  =  ∑ ( ni – 1 )  x    ( In  ----- ) 

                                         Si
2 

here,   n1 = 5,          n2 =5,           n3 =5;     “In” stands for “log normal of” 

S2  =   44915.23;  S1
2= 172.342  = 29701.08;   S2

2= 122.632  = 15038.12;  S3
2 = 300.012 = 90006.00 

Thus,  



 

 

 

a =      4915.23               44915.23              4915.23         

          (5 – 1) X  In -------------    +                (5-1) X         In   ------------     +  (5 – 1) X         In   ------------ 

                             29701.08                                 15038.12                                 90006.00   

a = 4 X (In 1.51) + 4x (In 2.99) + 4 x (In 0.499) 

The  log  normal  (In) values can be easily  obtained  by  a scientific calculator 

a = 4 X 0.41 + 4 X 1.09 + 4 X (-0.695) 

  = 1.64 + 4.36 - 2.78   = 3.22 

Now, let us calculate “b”  

         

         1                        1                    1     

b = 1 +     -------       X    ∑  -------   -       --------- 

                3 (k-1)                  ni- 1               N - K  

      

In our example, K = no. of groups = 3; N= grand total of all subjects = 15, n1 = 5,  n2 =5,   n3 =5. Thus,  

         

         1                     1           1               1                 1 

b = 1 +  -------           X     ------- +  --------  +  ------   -    --------- 

              3(3-1)                   5- 1          5- 1        5- 1           15 - 3  

       

        

         1                     1           1               1                    1 

b = 1 +      -------     X    ------- +  --------  +  ------ )  -       --------- 

                  3 x 2                  4          4              4                    12  

 

         

           1                     3            1 

b = 1 +        -------    X     -------  -    --------- 

                      6                     4             12  

 

         

           1                      

b = 1 +        -------   X   0.667 

                     6                      

  = 1 + 0.11    =  1.11 



Thus,  

X2                 a                      3.22         

        =       --------     =         ------         =  2.90 

        b                     1.11 

df = (k-1) = (3-1) = 2 

 On  checking  up  the chi-square table  at  the  column heading  p = 0.05 and row heading df = 2 ( 

as  explained  in Unit-4) we find that the table value is 5.99 while our calculated value is 2.90 which is much lower 

than the  table value.   Thus we conclude that the variances of  the  groups being compared  are  not  significantly 

different   (i.e., they are homogeneous)  and hence we can proceed with ANOVA.   On  the other hand,  had our 

calculated  value of X2 been more  than  the table value,  we would have concluded  that  the  variances 

differ  significantly and then we would have proceeded with Kruskal Wallis non parametric test rather than ANOVA. 

Description of the ANOVA Table. Once  we  have  decided to undertake  the  analysis  of variance, we make out the 

ANOVA table, which is the heart of ANOVA calculations.  The ANOVA table  is as follows (Table – 20.1.)  

Table – 20.1. : ANOVA  TABLE 

=============================================================================== 

Source of   Sum of        Degrees of  Mean Square    Variance Ratio 

Variation   Squares        Freedoms             (VR) (also    

   (SS)          (df)       (MS)  called F value 

=============================================================================== 

Between          ∑(niXi
2)  -     (∑niXi)2            (k-1)           S.S. Between     V.R. (or, F) = 

groups                  N         (k-1)                     M.S. Between           

(Syn:Among                   M.S. Within 

 groups                                                       

---------------------------------------------------------------------------------------------------------- ---------------------------- 

Within            ∑(ni – 1) Si
2             (N-K)           S.S. Within                 

groups                                      (N - K) 

(Syn:error)                                   

----------------------------------------------------------------------------------------------------------- --------------------------- 

Total   S.S. Between         (N–1)  S.S. Total 

   +    --------------- 

   S.S. Within       (N - 1)   

================================================================================ 

 The V.R. (or, F) value so calculated is finally checked against  the " F-Table" at a degree of freedom ( d.f.)  for 

numerator = (k-1) and a degree of freedom for denominator = (N-k) (The  procedure of seeing F-

Table  has  already  been explained in detail in Unit-11).  If our calculated  `F' value is more than the table F-value (at 

the particular d.f. for  numerator  and  denominator),  we  conclude  that   the difference  is  significant (p< 0.05) thus 

meaning  that  at least 2 or more than 2 group means are different from each other.  On the other hand, if our calculated 



F-value is less than the table value, we conclude that overall, there is  no significant difference among group means 

(p>0.05). 

 A word of caution: once the ANOVA gives us  significant results,  it means that overall there is a 

difference  which may  exist between any two or more groups (eg. between gp1 and 2,gp 2 and 3, gp 1 and 3 or 

between all of them) but  it does   not  tell us as  to which  all  group  means   are significantly  different.   Therefore, 

after the results of ANOVA come out to be significant, we should then  test  for the  significance  of difference 

between  individual  groups using "L.S.D. method" described subsequently. 

20.9. Steps in calculations in ANOVA :- The values required to  be filled up in the various cells of ANOVA table 

are  described as   per   the  following  steps.   For   the   purpose of illustration,  let  us use the 

hypothetical  data  on  birth weight - dietary habits. 

20.10. Step  - 1 " Calculation of  “Between” (Syn : Among) the  groups “Sum of Squares” (SS between) 

 

S.S. Between =     ∑niXi
2  -   (∑niXi)2 

       --------- 

          N 

In our example, n1 = 5,          n2 =5,           n3 =5 ; X1= 3061.8,   X2 = 2805,    X3 = 3588 

Substituting,  

S,S, Between   =  [(5x(3061.82) + (5x(28052) + (5x(25882)]  ( - )     [(5x3061.8)  + (5x2805) + (5x 2588)] 2 

                                                      ---------------------------------------------------------------------------  

            15 

 

= (46873096.2 + 39340125 + 33488720)     ( - )           [15305 + 14025 + 12940]2 

      ------------------------------- 

            15 

 

     119701941.2   ( – )    (42274)2 

=              ----------           =     (119701941.2 ( – ) 119139405.1)    

   15 

= 562536.13 

20.11. Step 2: Calculation of “within the groups” (Syn. Error) “sum of squares” (SS within or SS error) 

S.S. Within (Syn : S.S. Error) 

  = ∑(ni – 1) Si
2 

   n1   = 5,    n2 = 5,    n3 =5 

and the “Si” (standard deviations of the individual groups as calculated earlier)  

S1 = 172.34,      S2 = 122.63,      S3 = 300.01 

Thus, S.S. Within 

  = {(5-1) x 172.342  +  (5-1)  x 122.632  +  (5-1) x  300.012} 



   = 118804.30 + 60152.47 + 360024.00 

 = 538980.77 

20.12. Step 3 : Calculate “sum of squares (Total)” (S.S.Total) 

S.S. TOTAL = S.S. Between + S.S. Within 

         = 562536.13 + 538980..77    = 1101516.90 

20.13. Step  4 : Calculate the degrees of freedom (df) for  between groups, within groups and total  

df between groups  =    k-1 (where k = number of groups) 

      =    3-1 = 2 

df within groups         = N-k  (where N = grand total of subject  in all the groups combined = n1 + n2 + n3) 

                     = 15-3 = 12 

df Total    = N-1 

   = 15-1 = 14 

20.14. Step  5 : Calculate the “Mean Squares between  groups”  (M.S. Between) 

M.S. Between =    S.S. Between 

     ------------------- 

        df Between 

 

         562536.13  

                          =        ---------------- 

   2 

    =  281268.07 

20.15. Step 6: Calculate “Mean Squares within groups” (M.S. Within) 

M.S. Within =     S.S. within 

  -------------- 

   df within 

  

   =  538980.77 

          ------------- 

          12 

           = 44915.06 

20.16. Step 7: Calculate “Mean Squares total” (M.S. Total) 

M.S. Total  =      S.S. Total  

           ------------------ 

  df Total  

                  =      110516.9 

              ------------- 

    14 

         = 78679.78 



20.17. Step 8: Calculate the F-value (Syn: Variance Ratio ; V.R) 

F (Syn : V.R.) =         M.S. Between 

       -------------------- 

       M.S. Within 

  =    281268.07 

        ------------- 

             44915.06 

  = 6.26  

20.18. Step 9: Put the calculated values in the ANOVA table 

 In  our example,  we can now put  all  the  calculated values in the ANOVA tables as follows (Table-20.2.) : 

Table – 20.2. : ANOVA Table showing calculated values 

========================================================================== 

Source of  Sum of        d.f.   Mean  F. Value 

Variation  squares (S.S)          Squares  (V.R.) 

       (M.S.) 

=========================================================================== 

Between   562536.13  2 281268.07 6.26 

(Among) 

 

Within   538980.77    12 44915.06 

(error) 

-------------------------------------------------------------------------------------------------------- ---------------------- 

Total   1101516.90     14 78679.78 

=========================================================================== 

20.19. Step  10  :  Calculate the degrees  of  freedom  (d.f.)  for numerator and denominator 

- The (d.f. between) are the numerator d.f.  (i.e., 2 in our example) 

- The (d.f. within) are the denominator d.f.  (i.e., 12 in our example) 

20.20. Step 11: Check the F- Table 

 The  method of looking up the F-table has already  been explained  Unit – 11. To recapitulate, we will  locate 

the  column heading (the column headings show the numerator d.f.) at which d.f. numerator is equal to the d.f. 

numerator of  our situation (e.g. 2 in our example).  We  would  then move  down this column till we come to the 

intersection  of the  row (the row headings show denominator d.f.)  which  is equal to the denomerator d.f. of our 

situation (e.g. 12  in our  example) and we will read this value. In our  example the table value at d.f. numerator = 2 

and d.f. denominator = 12 is 5.10 

20.21. Step 12: Make interpretations 

 If  the table F value is greater than  our  calculated value, we conclude that the results are not significant (p 

> 0.05).  However if our calculated F value is higher than the table value, then we say that the results  are  significant 



(p<0.05);  at  least two or more  groups are  significantly different (the probability that such difference that we  are 

noticing  in our  samples,  having  occurred  just  due  to "Sampling  Variation"  is less than 5 in  100 chances).  We 

would then proceed to find out as to which all  groups  are different from each other, as described in step 13 below. 

 In our example, since our calculated F-value (6.26) is higher than the table F-value (5.10) we conclude 

that our results are significant (p<0.05).  We would, therefore, now proceed to examine as to which all groups are 

significantly different amongst each other. 

20.22. Step  13:  Which of the groups are  significantly  different from each other. As  said  earlier, once we get the 

result on  ANOVA  as significant,  (p<0.05)  we have to further work  out  as  to which all  groups  are 

different  from  each  other.   This becomes essential because a significant "ANOVA" result tells us  that overall there 

is a significant difference but  does not tell us which of the groups are significantly  different from  each  other.  There 

are a number of methods  for  this purpose,  viz,  Bonferroni's procedure,  Schaffe's  method, linear  contrasts, `q' 

statistic, Newman - Keul's  procedure and  least  significant  difference  (L.S.D.)  method.   The L.S.D.  procedure  is 

easy and reasonably  accurate  and  is described hereunder. In L.S.D. Method, the equation is  

  Xa - Xb 

‘t’ =     -------------------------------------- 

                        1         1  

         (MS Within)   X      ---  +  --- 

        na        nb 

 

Where Xa  and  Xb are the means of the two individual  groups being compared, and na & nb are the sample sizes of 

the two groups being compared; and, the degrees of freedom (df) = (N-k) 

 The  value  so calculated is checked  against  the  `t' table value at p = 0.05 and d.f. = (N-K).  If our  calculated 

`t' value is higher than the t-table value, we conclude that the 2 groups being compared are significantly different.  On 

the  other  hand if the calculated value is  less  than  the table value,  we would conclude that the two  groups  being 

compared are not significantly different. 

Let us compare the 3 groups in our hypothetical example. 

Group a (Nov-veg) Mean = 3061.8, n = 5; Group b (ovo-veg) Mean = 2805,  n = 5; Group c (pure veg) Mean = 2588,    

n = 5; M.S. within (as already calculated) = 44915.06 

N=15, k=3. (Remember  that N  and k refer to the total  subjects  and  total groups  of  all groups and not simply the 

two  groups  being compared; hence we have put the “N” as 15 and ‘k’ as 3 here (and not as 10 and 2 respectively). 

Let us compare group 1 and 2         

                  3061.8 – 2805    256.8 

‘t’ = -    -------------------------------------   =  ----------------------------- = 1.916 

                             1         1                               134 

         44915.06  X       ---  +  --- 

   5        5 

 



df = (15-3) = 12.  

The `t' table value at p=0.05 at df = 12 is 2.18.  Since our calculated value (1.916) is lower than the t table value, we 

conclude  that the mean birth weight of babies born to  non-veg   mothers  or  ovo-veg  mothers  is  not   significantly 

different (p> 0.05). 

Now let us compare groups 2 and 3 :- 

                  2805  - 2588                     217 

‘t’ = ----------------------------------------------            =   ---------------------       = 1.619 

                      1         1                               134 

         44915.23  X        ---  +  --- 

           5        5 

df = (15-3) = 12. ; table value = 2.18 

and thus the difference is again not significant (p>0.05) 

Now, let us compare groups 1 and 3 

                  3061.8 – 2588     473.8 

‘t’ = --------------------------------------    =  -----------------------------  = 3.54 

                    1         1                                134 

         44915.23  X    ---  +  --- 

      5        5 

df = (15-3) = 12. table value = 2.18; and hence this result is significant . 

 The  students will now realise the fact that we  brought out  in the initial paragraphs of this chapter.  If  without 

doing an  ANOVA  and subsequent  intergroup comparison  by L.S.D. method, had we directly done a `t' test 

as  explained in  Unit - 11, we  would  have  also  found  a  significant difference  between groups 1 and 2 which we 

have  not  found now.  (You can try calculating it yourself). 

20.23. ANOVA for statistical assessment  of test-retest reliability. There  are  certain situations in which we use 

analysis of  variance for testing reliability.  For example, when we are doing a test - 

retest  reliability,  by  calculating  the  intra  -   class correlation,  or when testing  the  inter-observer reliability by 

calculating the reliability coefficient.  Now, having understood the concept of ANOVA, we  can work out these 

statistics.  Taking a hypothetical example, a proforma was developed to assess the knowledge of 

subjects  regarding  HIV  infection.   Subjects  were  given marks, based on their answers to the questions contained  in 

the  proforma,  out of a maximum of 10 marks.  In  order  to assess  the  reliability  it was administered  to  the  same 

subjects  by another interviewer, after a gap of 1 week.   A total of 10 subjects were thus interviewed on the two 

different occasions.  Now,  in  this setting,  there are two sources of variations in  the  marks obtained - the first is the 

subjects themselves who,  though being the same on the two interviews, could have  differed because of the different 

time points; and secondly, the  two different interviewers. 

The  marks  obtained by the subjects on  the  two  different occasions are presented in the table 20.3. below:- 

 

 



 

Table – 20.3. : Hyporhetical marks obtained by 10 subjects on two different interviews 10 days apart 

============================================================================= 

Subject         Marks obtained               Mean   Sample               n1 * X2 

No.   Interviewer   Interviewer       marks (X) (n1) 

  No. 1              No. 2    (a) + (b) 

  (a)                     (b)                               2 

============================================================================= 

1  4  5  4.5  2      ( 2 x 4.52)  =  40.5 

2  6  6  6  2         72 

3  5  6  5.5  2         60.5  

4  8  7  7.5  2         112.5 

5  8  8  8  2         128  

6  3  4  3.5  2         24.5 

7  9  8  8.5  2         144.5  

8  7  7  7  2         98 

9  6  8  7  2         98  

10  5  4  4.5  2        40.5 

--------------------------------------------------------------------------------------------------------------------------------- 

(n1  will be 2 for all subjects in this case   because  each subject has been tested twice) 

 

Total marks  61  63   Total of n1X2 

         = 40.5 + 70 + ------- +40.5 

Total Sample    10  10   = 819 

  (n2)  (n3) 

Mean                  y1 = 61/10         y2  =  63/10 

  =6.1  =6.3 

                          n2 * y1
2  =  10 X 6.12    = 372.1 

                          n3 * y2
2  =  10 X 6.32    = 396.9 

N  = Total subjects = 20 (note that total subjects  will  be equal to the total no. of observations i.e. 20, and NOT 10) 

Step 1 :- Calculate the correction Factor (CF) 

CF      =       (Sum of all values)2      =       (4+6+....+8+4)2 

       --------------------                   ------------------ 

                                N                                       20 

 =      768.8 

Step 2: Calculate S.S. Total 

S.S. TOTAL  =  (Sum of Squares of all observations) -  C.F. 



  = (42 + 62 + …….....+82 + 42 ) - 768.8 

  =  824 - 768.8  =  55.2 

and, d.f.Total  =  (N-1)  =  (20-1) = 19 

Step 3: Calculate S.S. Interviewers 

S.S. Interviewers  =     (n2 y1
2  -  n3 y2

2 ) - C.F. 

  =      (372.1 + 396.9) - 768.8 

  =      0.2 

and, d.f. interviewer = (k-1) = 2-1 = 1 

Step 4 : Calculate the S.S. Subject 

S.S. Subjects  = (Total of n1X2) - C.F. 

  = 819 - 768.8 = 50.2 

and, d.f. subjects  =  (No. of subjects in one group - 1) 

       =  (10-1) = 9 

Step 5 : Calculate the sum of squares Error 

S.S. Error  = S.S.Total   -  S.S.Interviewer -  S.S.subjects 

   =  55.2 -  0.2 -50.2 

   =  4.8 

d.f. error  =  d.f. total - d.f. interviewer - d.f. subject 

  =  19 - 1 - 9 = 9 

Step 6: Calculate the Mean Squares 

S.S. Interviewers 

Mean Square Interviewers =         ---------------------------   

     d.f. interviewers 

    =  0.2         =    0.2 

       1 

     S.S. Subjects     

Mean Square Subjects  =         --------------------------- 

     d.f. Subject       

    =  50.2         =    5.58 

       9 

     S.S. Error         

Mean Square Error  =       --------------------------- 

     d.f. Error        

           =  4.8         =    0.53 

       9 

     S.S. Total        

Mean Square Total  =     ----------------------- 



     d.f. Total         

    =  55.2         =    2.9 

       19 

Step 7: Calculate the different variance Ratios (F-Values) 

 It is important to note here that the F-value now  will be  calculated separately for interviewers 

and  subjects  by dividing their respective M.S. by M.S. Error. 

            M.S. Interviewer 

Thus, V.R. (F-value) for interviewers          =     ----------------------------- 

                   M.S. Error 

       =       0.2          

          0.53 

        =        0.38 

                    M.S. Subjects 

and, V.R. Subjects   =          --------------------- 

               M.S. Error 

         =    5.58 

               0.53 

     =         10.53 

 Now,  we  will look up the F-table (Separately  for  F-value of interviewers and F-value of Subjects).  For F-

value of  interviewers,  the  numerator d.f.will be  the  d.f  for interviewers, while the denominator d.f. is the d.f.  error.  

similarly,  for the F-value of subjects, the numerator  d.f. is the d.f. for subjects while the denominator d.f. is  this 

d.f.  error.  Thus, in our example, the d.f.  numerator  and denominator  for  F-value of interviewers will be  1  and  9 

respectively,  while  for  subjects,  it will  be  9  and  9 respectively.  On checking up the F-table, we find that  the F-

value for interviewers is not significant (since the table F-value is larger than our calculated F-value of 0.38).   On 

the  other  hand, the F-value for  subjects  is  significant since the table F-value is smaller than the  calculated  F-value 

of 10.53.  Thus, the inter-observer reliability of the questionnaire   is  good  (since  the  difference   is   not 

significant  for  interviewers).   However,  the   variation between the same subjects at two different points of time is 

significant, i.e., within the subjects reliability is not good. 

The  final  ANOVA  table in this example  would  be  as follows (Table-20.4.): 

Table – 20.4. : Final ANOVA table for test – retest reliability 

============================================================================ 

Source of Sum of  d.f.  Mean Squares F. Value   P-value 

Variation Squares    (M.S.)  (V.R.) 

============================================================================= 

Interviewers 0.2         1       0.2  0.38      > 0.05 

                   (not significant) 

Subjects  50.2  9  5.58  10.53      < 0.05 



                  (Significant) 

Error  4.8  9  0.53  1.00  - 

(Residuals)  

----------------------------------------------------------------------------------------------------------- ------------------- 

Total  55.2       19       2.9        -           - 

============================================================================== 

20.24. Two Way Analysis Of Variance (Two Way ANOVA) 

 Quite often, in research work, each item of  the  data may  have to be classified, not according to one 

factor  but according  to two different factors.  In such  settings,  we may  like to find out the independent effect of 

one  factor, after controlling for the confounding effect of  the  other factor.  In addition, we may also like to study if 

there  is an "interaction" between the two factors.  Let us start with the following example. 

 In a study on the effect of oral iron therapy and  high protein  diet, a sample of 20 pregnant, 

anaemic  ladies  was taken.   They were randomly allocated into four groups of 5 each.   The first group was neither 

given oral   iron supplementation nor high protein diet (thus serving as the baseline control).  The second group was 

given only iron but not special high protein diet, the third was given only high protein diet but no iron supplementation, 

while the fourth group was given both iron supplementation as well as high protein diet.  The percentage increases in 

hemoglobin levels over  their  initial values, after 3 months  of  trial  are presented for each subject are presented in 

Table 20.5, as follows :- 

Table – 20.5 : Summary of percentage increase in haemoglobin of each subject in the 4 groups 

============================================================================ 

Oral Iron (Fe)     High Protein (HP) diet 

Supplementation                       --------------------------------------- 

    Not given (HP-)   Given (HP+) 

============================================================================= 

Not given   Group A (HP - Fe-)  Group B(HP + Fe-) 

(Fe -)    66,  72,  68,  82,  70        68,  74,  86,  92,  72 

------------------------------------------------------------------------------------------------------------ ----------------------- 

Given    Group C (HP - Fe+)  Group D(HP + Fe+) 

(Fe +)    72, 84, 88, 94, 88        80,  82, 84, 96,  90  

============================================================================== 

Step I : Let us consolidate the above data in the  form  of the  following  table.   The numbers  a,b,c,d,e,f,g,  and  h 

indicate the cell identification as follows:- 

a=  neither high protein nor iron (HP –Fe -); b = HP + Fe - ; c  = HP  - Fe + ; d= HP + Fe +;  e= all Fe - taken together 

(i.e. all  HP-Fe-  and HP+Fe-) f = all Fe+ taken together  (ie,HP-Fe+  and HP+Fe+);  g= all HP-taken together (i.e. 

HP-Fe and  HP-Fe+); h=all HP+ taken together (i.e., HP+Fe- and HP+Fe+); In each cell we will put the values of the 

sample  size of  the cell  (n),  the  mean of  that  cell  (x)  and  the multiplication  of  sample size with square of 

the  mean  of that cell (nX2) as follows :- 



 

=============================================================================== 

                    HP-    HP+   Row 

=============================================================================== 

Fe-  na = 5    nb = 5   (all Fe -) 

  Xa = 71.6   Xb = 78.4  ne = 10   

  na * Xa 2 =25632.8     nb * Xb
2= 30732.8         Xe = 75 

         ne * Xe
2 = 5625   

-------------------------------------------------------------------------------------------------------- ---------------------------  

Fe +   nc = 5    nd = 5   (all Fe +) 

  Xc = 85.2   Xd = 86.4  nf = 10 

  nc * Xc 2 =36295.2     nd * Xd
2= 37324.8          Xf = 85.8 

         nf * Xf
2 = 73616.4  

------------------------------------------------------------------------------------------- ---------------------------------- 

Column   (all HP - )   (all HP + ) 

  ng = 10    nh = 10      

  Xg = 78.4   Xh = 82.4   

  ng * Xg 2 =61465.6     nh * Xh
2= 67897.6          

 

============================================================================== 

Step 2:Calculate the following 

i) ∑x is calculated as sum of all 20 observation,  

 i.e. , 66+72 + ..........+ 96+90 = 1608 

ii)  (∑x )2 is calculated by squaring the ∑x, i.e., (1608) 2 =  2585664 

iii) ∑x2 is calculated by squaring each of the 20 observations and adding up these squares,  

 ie., 662 + 722 +….....+ 962 + 902  

          = 130992 

A glance at the above consolidated table indicates that the  mean percentage increase in Hb was 71.6% for the  group 

without any oral iron supplementation or high protein  diet. This percent improvement was more for the group getting 

only high  protein  diet (78.4%); still  higher  for  the  group getting  only oral iron supplementation (85.2%) and 

highest (86.4%)  for  the group getting both, oral iron as  well  as high protein diet. 

 As regards overall effect, when the effect of only iron supplementation,  irrespective  of  high  protein  diet   is 

considered, the increase was 75% in the overall group  which did  not get any iron (cell `e') and 85.8% in the  group  in 

which iron was given (cell `f').  On the other  hand,  when the  effect of only high protein diet, irrespective of  oral 

iron  is considered, the average improvement was 78.4%  when high  protein diet was not given (cell `g') 

and  82.4%  when high protein diet was given (cell `h'). 

Our  interest  in the analysis of the  above  data  set would involve the following issues:- 

a) Is  there  a significant difference in  the  percentage improvement in Hb due to iron therapy (85.8%) as compared 

to no iron therapy (75%). 



b) Is  there  a significant difference in  the  percentage improvement in Hb, due to high protein diet alone (82.4%) 

as compared to when such diet is not given  (78.4%). 

c) Is there a significant "interaction" between oral  iron supplementation  and high protein diet in improving  the  Hb 

levels,  in  that the effect of both  these  factors  acting together  is much more than what would be expected from  the 

isolated  effect  of these factors put  together  (something similar to "drug interaction" in pharmacology). 

 The   above  scenario  is  also  called   by   research methodologists  as a "2x2 factorial" experiment 

since  there are 2 factors (Oral iron and high protein diet), each having 2 levels (given or not given). 

Step 3 : Calculate the Correction Factor (C.F.) 

 

      (∑x )2  (1608) 2   

CF =     -------------- =      -------------- = 129283.2 

         N        20 

Step 4 : Calculate the S.S.TOTAL and d.f. TOTAL 

S.S. TOTAL = ∑x2 – CF 

We have already calculated ∑x2  as 130992 

S.S. Total  = 130992 -  129283.2 

 = 1708.8 

and d.f. (Total) = N-1 = 20-1 = 19. 

Step 5 : Calculate S.S. COMBINED 

S.S. COMBINED 

= (na * Xa 2  +  nb * Xb 2   +  nc * Xc 2  +  nd * Xd 2 ) -   C.F. 

(The value of n*X2  have already been calculated by us) 

= (25632.8  + 30732.8 + 36295.2 + 37324.8)- 129283.2 

= 129985.6 -  129283.2 

= 702.4 

Step 6 : Calculate the S.S. ROWS AND D.F. ROWS 

(Apparently,  rows here refer to Iron therapy, row  1  means iron not given and row 2 means iron given) 

S.S. Row = (ne * Xe 2  +  nf * Xf 2) - C.F. 

= (56250 + 73616.4) - 129283.2 

= 583.2 

d.f. rows = (Rows - 1) = (2-1) = 1 

Step 7 : Calculate S.S. COLUMNS and d.f. COLUMN 

(In  our example, columns refer to high protein  diet,  with the  first  column meaning high protein diet not  given  and 

column 2 meaning high protein diet given. 

S.S. Columns 

= (ng * Xg 2  +  nh * Xh 2)   - C.F. 

= (61465.6  + 67897.6)  - 129283.2 
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d.f. column = (Column - 1) = (2-1) = 1 

Step 8 : Calculate S.S. Interaction and d.f. interaction 

S.S. Interaction = (S.S. Combined - S.S. Rows - S.S. Column) 

= (702.2 - 583.2 - 80) = 39 

d.f. Interaction = (Levels of 1st factor - 1 ) x (Levels  of 2nd factor - 1) 

Since both the factors (Iron as well as high  protein) have 2 levels each (given or not given) 

Thus d.f. Interaction  =   (2-1)  x  (2-1) 

   =   1 

Step  9 : Calculate the S.S. Error (Syn. S.S.  Residual  and d.f. error 

S.S. Error (residuals) = (S.S. Total - S.S. Combined) 

 = 1708.8 - 702.2 = 1006.6 

d.f. error (residuals) = N -  (rows x columns) 

since there are 2 rows and 2 columns  

d.f. error = 20 - (2 x 2) = 16 

Step 10 : Place the calculated values in ANOVA table (Table – 20.6.) 

Table – 20.6. ANOVA Table for two-way analysis 

Source of Sum of  d.f.  M.S.  F. Value    P-value 

Variation Squares    (= S.S. ÷ d.f.) (= MS ÷ MS (Error) 

============================================================================== 

Rows (Iron) 583.2       1  583.2       9.27        <0.05 

Columns   80.0  1  80.0  1.27        >0.05 

(High protein) 

Interaction      39.0  1  39.0  0.62   >0.05 

Error  1006.6  16  62.9  1.00 

(Residuals) 

----------------------------------------------------------------------------------------------------------- ----------------------- 

Total  1708.8     19 

================================================================================ 

Note : 

1. Calculate each M.S. as = S.S/d.f. 

2. Calculate F-value (V.R.) as M.S./M.S. error 

For  checking  the  F-table,  use  the  d.f.  of   that particular item (source of variation) as the numerator  d.f. and  the 

d.f. for error (residuals) (16 in our  example)  as the  denominator d.f.; eg., for rows (Iron therapy)  we  see the F table 

at 1 degree numerator and the denominator d.f. = 16.  Since our calculated F-value of 9.27 is higher than the table 

value,  we  say that the  difference  is  significant between  the  mean improvement in Hb  as  seen  after  iron 

therapy  as  compared to no iron.  However,  the difference observed for high protein diet is not significant  since the 



possibility of sampling variation is more than 5 in  100 as far as the observed difference is concerned.  Similarly, F-

value for interaction is not significant, indicating  that there is  no significant "interaction"  between  oral  iron therapy 

and high protein diet. 

Further  extension of Two way ANOVA is  Multiple  ANOVA (MANOVA)  in  which more than two factors 

may  have  to  be analysed.  One may have to consult a Biostatistician in   such situations; 

alternatively, a   multiple   linear regression analysis may be used (described in a later unit). 

20.25. Check your progress – 1. 

1. Analysis of Variance is to be undertaken if we are: (a) comparing means of two dependent samples (b) comparing 

means of two independent samples (c) comparing means of three samples whose variances differ significantly (d) 

comparing means of three samples whose variances do not differ significantly (e) comparing medians of three 

groups. 

2.  The central issue in ANOVA is to see the ratio between: (a) “Between the groups” divided by “Within the group” 

(b) “Within the group” divided by “Between the groups” (c) “Total variation” divided by “Within the group” (d) 

“Between the groups” divided by “Total variation” (e) “Total variation” divided by “sum of between the groups and 

within the groups variations”. 

3. Which of the following statements is NOT correct: (a) ANOVA can be used to compare the means of two samples 

(b) ‘t – test’ can be used to compare the means of two dependent samples (c) ‘t – test’ can be used to compare the 

means of two independent samples (d) ANOVA can be used to compare the means of three samples (e) ‘t – test’ can 

be used to compare the means of three samples. 

4. Before undertaking ANOVA, the homogeneity of variances between the samples (whose means are proposed to 

be compared using ANOVA), is compared using which statistical procedure: (a) Bartlett’s test (b) Kruskal Wallis 

test (c) Wilcoxon test (d) Mann Whitney test (e) ‘t’ test. 

5. In ANOVA, the degrees of freedom (df) for numerator are calculated as: (a) Total number of subjects in all 

groups taken together – Total number of groups  (b) Total number of groups – 1 (c) Total number of groups – total 

number of subjects in all groups (d) Total number of all subjects in all groups taken together – 1 (e) Sum of Squares 

divided by Mean Squares    

 

Part – 2 : Non-Parametric Tests 

20.26. Overview of Non-Parametric Tests. In  the previous chapters, we have very often made  the 

statement  that  if  the scale of measurement  is  "ordinal numerical",  then  the  numbers  we  record  will  not  have 

mathematical sense.  For example, as explained in Chapter 4, while pain scores of 1, 2, 3 and 4 may outwardly 

appear  to be  recorded  on “discrete - numerical scale";    however, a closer  scrutiny  would  indicate that 

these  are  not  real mathematical  numbers  - a pain of "3" is not  really  three times the pain experienced by a person 

with a score of  "1", nor can the pain of two patients with scores 1 and  2,  put together would give us pain which 

would be equal to the pain experienced by a person with pain score 3.  Now, since these numbers  are not real 

mathematical numbers, we will  not  be justified in  calculating the "mean" and  hence  we  cannot 

undertake  statistical  tests for comparing the  "means"  as described  in Unit - 11.  For this reason,  whenever we  are 



using numerical ordinal data, for example grades  of dyspnoea (1, 2, 3 and 4), pain scores and so on, we should not 

use statistical tests which compare the means but should use tests which compare  the  "medians".   These tests which 

compare  the  medians (and not the means) are  called  "non- parametric  tests".   (Though,  of course, this  is  a very 

elementary statement,  because truly  speaking,  even  chi-square  test  as  described in Unit-11 is  also  a non- 

parametric tests). 

 In  addition  to the situation  when  numerical-ordinal type  of data, as explained above, is being 

analysed,  there is  another  situation when, even though we may  be dealing with "numerical continuous" or 

"numerical discrete" data,  we would have to use the non - parametric tests instead of  the tests which compare the 

means.  Such situations will occur when  the F - test or Bartlett's test done for  finding  the homogeneity  of variances 

before conducting the t - test  or ANOVA respectively (as explained in detail earlier in this unit), show that the 

variances of the  samples differ significantly from each other.  In such instances, if the   variances differ 

significantly,  (i.e.,  "are   not homogenous"), we would have to do the non - parametric tests and not the tests to 

compare the means. I  shall now describe three different types of  non  - parametric   procedures according 

to   their   parametric counterparts used for comparing the means : 

Parametric Test   Non - Parametric Test 

Unpaired `t' test   Wilcoxon's rank sum test   

    (Mann Whitney "U" test) 

Paired `t' test   Wilcoxon's signed rank test 

ANOVA   Kruskal Wallis test 

20.27. Tests for two unpaired samples. These tests are the non parametric counterpart of unpaired `t' test described in 

unit - 11.  There are  three such  tests  which  are similar in  their  calculations  and interpretation,  viz.,  Mann-Whitney 

`U' test,  Wilcoxon  `W' rank sum test and Kendall's `S' test. The procedure to be followed is described herewith :- 

(a) Place the  values in their respective  groups,  in  an ascending order. 

(b) Give  "ranks" to the observations, irrespective of  the group they  belong  to (i.e. whether to the  first  or  the 

second sample), starting from the lowest observation  (i.e., give  "1"  to  the smallest observation and  keep  going  up 

accordingly). 

(c) The method of giving "ranks" is as follows :- 

  (i) Combine the data from the two groups and order  the values from lowest to highest. 

 (ii) Assign ranks for the individual values.  If  there are  ties,  take the average of the lowest and  the  highest 

 numerical value of the range of ranks in that group of  ties and give this rank to all members in the tied group.  

(d) Now, take the sum of ranks in the smaller group  (i.e., the  group which has the smaller sample size).  If 

both  the groups  are of equal size then either of them can be taken. This sum of ranks is denoted by `T'. 

(e) Now calculate `U' as  

   n1 * (n1 + n2 + 1) 

             U  =       ----------------------- 

                                     2 

(where n1 = sample size of the smaller group and n2 = sample size of the larger group.  If both the groups are equal, 



use   “n1” for  sample  size of the group for which  `T'  has  been calculated and “n2” as the other group sample size). 

(f) Next, calculate S as follows :- 

 (i) If there are no "ties", then  

                             n1 * n2 * (n1 + n2 + 1) 

                 S2 =   ----------------------------- 

                                          12 

(ii) If there are ties, then 

 

                     n1 x n2 x (n1 + n2 + 1)              Sum of t (t2 - 1)      

                 S2 =          -----------------------------         -    --------------------------- 

                                          12                                  ( n1 + n2) x (n1 + n2 + 1) 

where t  = number of tied individuals in the  various  tied groups;  thus we will have to calculate the t (t -  1)  for each 

tied group and sum up all such values for all the  tied groups. 

(g)  Calculate  `S' as  

                        ___ 

 S = √S2 

(h) Calculate Z value by the equation 

 

                        (T - U) - 1/2  

          Z   =       ---------------- 

                                      S        

 If the calculated value of Z is more than 1.96, we  say that  the  difference between 

the  two  sample  medians  is "significant"  at 5% (p < 0.05).  If the value of Z is more than 2.57, we conclude 

that  the  difference  is  "highly significant" (p < 0.01). 

20.28. Illustrative Example of Mann Whitney U test  :-  This is a hypothetical data of  two  groups  of athletes  in 

which one of the group was given  high  protein diet   while  the  other  group  was   given   predominantly 

carbohydrate  diet,  for  a  period of  6  months.   At the baseline, i.e., at the time of starting the study, there was 

no difference as regards physical fitness between the two groups.   After  6 months of starting  the  dietary  regime, 

their physical efficiency was measured using a  battery  of tests of endurance, strength and flexibility and the overall 

grades  were  given  on  an  ordinal  scale  as  grade  1  = extraordinary, 2 = good, 3 = satisfactory, 4 = unsatisfactory 

and 5 = poor.  The data on the grade of physical  efficiency of each subject is as follows : 

Group A (Total Subjects = 21) (High protein diet) 

1, 1, 2, 1, 3, 2, 5, 5, 3, 1, 4, 5, 1, 3, 2, 1, 5, 4, 1, 4, 3  

Group B (Predominantly Carbohydrate diet; Total Subjects = 20): 

1, 2, 2, 1, 3, 1, 1, 4, 2, 3, 2, 3, 5, 1, 2, 4, 1, 3, 2, 1 

Calculations   :-  First  of  all,  we  shall  arrange   the observations  in  an orderly and ascending  order.   In the first 

column (performance grade), we shall write down the grades in ascending order (1 to 5).  In the next column,  we shall 



fill, against each grade, the number of  subjects  in group "A" who achieved that grade, eg., 7  persons  achieved grade 

1,  3  achieved grade 2 and so on.   Thus,  we  shall enter, under the column heading "Group A (protein diet)",  7 in 

front of "1", and 3 in front of 2.  Similarly in the  3rd column  "Group  B (carbohydrate diet)", we shall  enter  the 

number  of  people in group B who achieved  that  particular grade, as shown in Table-20.7 :- 

Table – 20.7:  

=========================================================== 

Performance   Group A   Group B 

Grade    (High protein   (High carbohydrate  

    diet)   diet) 

=========================================================== 

1    7 (33.33%)  7 (35%) 

2    3 (14.29%)  6 (30%) 

3    4 (19.65%)  4 (20%) 

4    3 (14.29%)  2 (10%) 

5    4 (19.05%)  1 ( 5%) 

=========================================================== 

Total        21 (100%)  20 (100%) 

=========================================================== 

Thus, what we apparently see is that in group  "B",  a higher proportion of subject achieved grades `1' and `2'  as 

compared to group "A". Our objective now is to test whether these observed differences are real or simply due to 

chance ? 

Next, we shall give ranks as follows : 

============================================================================= 

Grade of     Group A Group B     Combined      Range of     Average  rank to 

physical                sample      ranks      be given to each  

fitness            member    

---------------------------------------------------------------------------------------------------- ---------------------------- 

(1)       (2)  (3)     (4)  (5)  (6) 

============================================================================== 

 1 7  7 (7+7)=14 1 to 14  1+14 

         -------- =7.5 

            2 

 2 3  6 (3+6)=9  15 to 23  15+23 

         -------- =19 

            2 

 3 4  4 (4+4)=8  24 to 31  24+31 

         -------- =27.5 



            2 

 4 3  2 (3+2)=5  32 to 36  32+36 

         -------- =34 

            2 

 5 4  1 (4+1)=14 37 to 41  37+41 

         -------- =39 

            2 

================================================================================= 

 Total   21  20 

================================================================================== 

 Now, of the 2 groups, the smaller is group "B"  (n=20).  Thus we shall calculate `T' as sum of ranks in group 

"B". Now, in group "B", there are 7 subjects each with an average rank of 7.5, 6 subjects each with an average rank 

of 19 and so on.  Thus, the sum of ranks in group "B" (i.e., ‘T’) 

= (7 X 7.5) + (6 X 19) + (4 X 27.5) + (2 X 34) + (1 X 39)  

= 383.5 

                        n1 x (n1 + n2 + 1)  20 x (20 + 21 + 1) 

             U  =   -----------------------  =     ------------------------------ 

                          2                                            2  

= 420 

For calculating S2, since there are ties, 

 

                     n1 x n2 x (n1 + n2 + 1)              Sum of t (t2 - 1)      

                 S2 =         -----------------------------        -    --------------------------- 

                                          12                                  ( n1 + n2) x (n1 + n2 + 1) 

 

First, let us solve the term 

 

                   Sum of t (t2 - 1)      

     --------------------------- 

                                ( n1 + n2) x (n1 + n2 + 1) 

   

as  we know, t = total number of individuals in the  various tied  groups; thus for grade 1, t = 14, for grade 2, t  =  9 

and  similarly  for grades 3, 4 and 5 they are 8,  5  and  5 respectively. Thus sum of "all t X (t2 - 1)" 

 

= 14 (142 - 1) + 9 (92 - 1) + 8 (82 - 1)  + 5 (52 - 1) + 5 (52 - 1)               

 

=  4194 



 

Thus, S2 

                          

=   20 X 21 X (20 + 21 + 1)     -                    4194               

                  12                                  (20 + 21) X (20 + 21 - 1)  

                          

= 1470  -  2.56 

= 1467.44 

                   ____ 

Now, S =  √ S2 

                     _______ 

 =  √1467.44     =  38.31 

Finally, Z =  

 

  (T - U) - 1/2  

      =          ------------------- 

           S        

 

  (383.5 - 420) - 1/2  

      =          ------------------------- 

           38.31        

                -37 

         =   --------        = - 0.97 

               38.31 

 Since our calculated value of `Z' (0.97) is much  less than 1.96, we conclude that the difference is 

not  statistically significant  (p > 0.05).  Thus, we  accept  the  null hypothesis that diet (high protein versus high 

carbohydrate) does not make any difference in physical efficiency. 

(Note : If the entire sample size, i.e., both the groups put together,   is  less  than  10,  then consult  a   Bio-statistician 

for calculations). 

20.29. Non-Parametric Test for Paired samples: Wilcoxon Signed Rank Test. As we may have already explained under 

paired `t'  test in  Unit-11, there could be paired sample  situations,  in the form of "before and after readings", or 

readings in  two different  anatomical  locations of the sample  subjects  or "paired matched" data.  The non - 

parametric counterpart  of the  paired `t' test is called "Wilcoxon signed rank  test".  The steps in conducting this test 

are described herewith. 

Steps in undertaking Wilcoxon’s signed rank test.  

1. List  the subjects serially and enter their  respective readings  in  front  of  them,  under  the  column  headings 

"before" and "after" (or else, the column headings could  be "Sample  1"  and "Sample 2" in a 



paired  matched  study,  or, "Anatomical Site 1" and "Anatomical site 2" depending on the type of research work). 

2. Make  another  column  and fill  in  the  "differences" between  the two columns (i.e., before and after)   in  this 

column, making sure that the appropriate sign "+" or "-"  is properly indicated.  Put the column heading as "di”.  

3. Give ranks to the various "di” values, IRRESPECTIVE of signs (minus or plus). 

4. If  there is no change between the two  columns,  i.e., the  difference (di) of any particular observation  is  zero, 

simply  remove that observation and reduce the  sample size (n) by 1, for every such observation with di=0.  

5. For "ties", give ranks, as already explained under Mann - Whitney test earlier. 

6. Calculate `R' as:  

R  = Sum of ranks of all positive differences (i.e.,  sum  of all the ranks whose di values have a plus sign). 

7. Calculate the numerator as: 

 

                n X (n + 1)               1 

   R  -   ------------------           -   ----- 

                    4                           2 

8. Calculate the denominator as : 

(a) If there are no ties : 

 

Denominator =     n X (n + 1) X (2n + 1)  

                                    --------------------------- 

                                            24 

(b) If there are ties, then denominator =  

 

            n X (n + 1) X (2n + 1)                 Sum of (t3 - t)  

           ----------------------------      -        ---------------- 

                      24                                                48 

where,  as  already explained under Mann Whitney  test,  t  = number  of  tied individuals in the various  "tied"  groups; 

thus  we will have to calculate the values of (t3 -  t)  for each tied group and sum up all such values for all the  tied 

groups. 

9. Find the value of "T" as : 

      Numerator (as per step 7 above) 

 T  =   ------------------------------------------ 

                         Denominator (as per step 8 above)  

10. If the calculated value of T is more than 1.96 then the difference is significant at 5% level (p < 0.05); and if  the 

calculated  value  of  T is more than 2.57, then  p  <  0.01 (highly significant). 

20.30. Illustration of  “Wilcoxon Signed Rank Test” with an example.

 Let   us  now  illustrate  the  calculations   with   a hypothetical  example  of  a study in 

which  an  indigenous medication  was  studied  for its  effect  on  libido.   The initial status  of libido was recorded 



for each of  the  25 middle  aged  males,  free from any organic  disease,  and subsequently,  the status of libido was 

re-assessed after  6 weeks of treatment with the drug.  The responses were graded as : 

============================================================================= 

Level of change     Grades of increase/decrease 

in libido    ------------------------------------------------------------------------------------ 

     Increased after   Decreased after 

         6 weeks treatment    6 weeks treatment 

=========================================================================== 

Mild     +1    -1 

Moderate    +2    -2 

Marked     +3    -3 

No change    0    0 

========================================================================== 

 The responses of the 25 subjects after 6 weeks of treatment are listed as follows.  (apparently since in  this 

example,  the  "change"  is  directly  being  recorded, it directly  gives  us  the   column di  that we  would  have 

otherwise calculated by finding the differences between  the grades  which  would have been given 

before  and  after  the trial respectively.   The responses of "change" of the 25 subjects were: 

0,  +1, +3, -1, -3, +2, +2, 0, -3, -2, +2, +1, -3,  +2,  -2, +1, -1, 0, +3, -2, -3, +1, +1, +3, -2. 

Let us set the above data into the following table (Table-20.8) : 

Table – 20.8: Table of Mann Whitney U Test for Hypothetical Example 

 =============================================================== 

Grades of difference                  

------------------------------------------------------------------------------------------------------------ ---------------------  

Negative No. of         Positive      No. of       Absolute       No.of     Range       Average 

  Subjects     subjects     difference     subj-      of    Rank 

        (ignoring            ects         Ranks 

         the sign)           (2+4) 

--------------------------------------------------------------------------------------------------------------------------------- 

(1)   (2)   (3)     (4)         (5)                 (6)         (7)              (8) 

 

============================================================================ 

-3  4  +3      3               3               7                  16-22         16+22 

                      ------  = 19 

               2 

            

-2  4  +2      4              2                     8                  8-15             8 +15    

           ------  = 11.5 



               2 

            

 -1  2  +1      5             1                    7                    1-7                 1 +7 

           ------ = 4 

               2  

------------------------------------------------------------------------------------------------------------------------------------------ 

Total  10       12 

----------------------------------------------------------------------------------------------------------- ------------------------------ 

Zero = 3       0        3 

================================================================================= 

Total                 25 

================================================================================= 

Now, `R' (of positive values only) 

= (5 X 4) + (4 X 11.5) + (3 X 19) = 123 

Next, numerator =      

                n X (n + 1)           1 

   R  -   ------------------        -      ----- 

                    4                       2 

                22 X (22 + 1)                 1 

   123 -   ------------------          -          ----- 

                       4                             2 

= - 4 

Let us now calculate the denominator.  Since there are ties, we will calculate it by using the equation 

 

            n X (n + 1) X (2n + 1)                 Sum of (t3 - t)  

           ----------------------------      -        ---------------- 

                      24                                                48 

 

 

 

            22 X (22 +1) X (2 X 22 +1)            (73-7) + (83 – 8) +  (73-7)       

           ----------------------------------      -    -------------------------------- 

                      24                                                      48 

         ______________ 

=     √  948.75 - 24.5 

=    30.4 

Now, T = Numerator/Denominator 



 

=   - 4 

    --------  = - 0.13 

      30.4 

 Since the calculated value of T = - 0.13 is much  less than  1.96 we conclude that the difference 

is  not  significant, i.e., the drug does not have a significant effect  on libido.  The minus sign indicates that from our 

sample,  the observed  effect is in the negative direction, i.e.,  a  decrease  in libido.  However, the slight decline 

as  observed in  our sample is more likely to have occurred  because  of random (sample to sample) variations. 

Note  : This  method should be used only as  long  as  total number of non - zero differences (di) is at least 16 or  more 

(e.g.,  it  was 22 in our present example).  However, if the total numbers of non - zero di are 15 or less, then consult a 

Biostatistician. 

20.31. Non  - Parametric Tests on Continuous or Discrete  Numerical Data. We  have mentioned earlier in this chapter 

that if  the variances of the two samples in an unpaired situation differ significantly  as brought out by a F test, then 

the unpaired `t'  test should be avoided;  rather, in such situation  the non - parametric test (Mann - Whitney) should 

be done. The  calculation  for such a  situation  are  described herewith, with the help of a hypothetical example : 

 A sample of ladies attending antenatal clinic were randomly allocated into two groups.   One group received 

special nutritional education from a trained nutritionist while the other group received only general health education 

from a nurse - mid wife.  The haemoglobin values at baseline (at the start of the study) were not significantly different 

from each other.  At the end of 3 months, blood  Hb  level were again measured.  The values are as follows : 

Group "A" (special nutritional education) : 

9.8,  10.5, 11.2, 10.7, 11.3, 13.2, 12.7, 10.6,  9.9,  10.1, 14.3, 15.0, 10.9, 11.4, 11.8, 14.1, 12.8, 9.6, 10.2, 13.0 

Group "B" (general health education) : 

8.8,  10.7, 14.0, 13.1, 10.7, 10.9, 11.2, 10.6, 13.2,  12.1, 9.9, 11.1, 11.7, 10.6, 10.7, 10.0, 12.3, 11.2, 11.7 

 The  above is an example of numerical  continuous  data, and  we would have normally done the unpaired 

`t'  test  for comparing   the  "mean  haemoglobin"  in  the  two groups.  

However,  since  the  variance  of  the  two  groups  differ significantly (as calculated by F test – try and do it yourself 

also), we would like to do the non - parametric (Mann - Whitney) test. 

The procedure is as follows :- 

1. Let us first of all bring all observations in a  single pool  (combining  both the groups) and 

arrange  them  in  an ascending order, as follows :- 

=========================================================== 

Value   Group to which it    Rank 

(Hb reading)  belongs (A or B) 

=========================================================== 

8.8   B      1 

9.3   B      2 

9.6   A      3 



9.8   A      4 

9.9   A      5.5 

9.9   B      5.5 

10.0   B      7 

10.1    A      8 

10.2   A      9 

10.5   A      10 

10.6   A      12 

10.6   B      12 

10.6   B      12 

10.7   A      15.5 

10.7   B      15.5 

10.7   B      15.5 

10.7   B      15.5 

10.9    A      18.5 

10.9   B      18.5 

11.1   B      20 

11.2   A      22 

11.2   B      22 

11.2   B      22 

11.3   A      24 

11.4   A      25 

11.7   B      26.5 

11.7   B      26.5 

11.8   A      28 

12.1   B      29 

12.3   B      30 

12.7   A      31 

12.8   A      32 

13.0   B      33 

13.1   B      34 

13.2   A      35.5 

13.2   B      35.5 

14.0   B      37 

14.1   A      38 

14.3   A      39 

15.0   A      40 



============================================================== 

We will now undertake a “Ranking Procedure” for Ties, as follows: 

========================================================================= 

Tied reading  Total subjects   Range of  Average 

   in the tied    Ranks    Ranks 

   reading 

========================================================================== 

9.9   2    5 to 6            5+6  

                 ------ = 5.5 

          2 

 

10.6   3    11 to 13                11+13 

                -------- = 12 

          2 

10.7   4    14 to 17                       14+17 

                -------- = 15.5 

          2 

10.9   2    18 to 19                      18+19 

                -------- = 36.5 

          2 

11.2   3    21 to 23                      21+23 

                -------- = 22 

          2 

11.7   2    26 to 27                      26+27 

                -------- = 26.5 

                    2 

13.2   2    35 to 36                      35+36 

                -------- =35.5 

          2 

============================================================================ 

Now,  bring  these  arranged,  "ranked"  values  under   their respective groups as follows :- 

=========================================================================== 

Group A      Group B 

----------------------------------------------------------------------------------------------------------- --------------------- 

Observation   Rank   Observation   Rank 

============================================================================= 

9.6    3   8.8    1 



9.8    4   9.3    2 

9.9    5.5   9.9    5.5 

10.1    8   10.0    7 

10.2    9   10.6    12  

10.5    10   10.6    12 

10.6    12   10.7    15.5 

10.7    15.5   10.7    15.5 

10.9    10.5   10.7    15.5 

11.2    22   10.9    18.5 

11.3    24   11.1    20 

11.4    25   11.2    22 

11.8    28   11.2    22 

12.7    31   11.7    26.5 

12.8    32   11.7    26.5 

13.0    33   12.1    29 

13.2    35.5   12.3    30 

14.1    38   13.1    34 

14.3    39   13.2    35.5 

15.0    40   14    37 

=============================================================================== 

Sum Total    433       387 

of ranks (T) 

============================================================================== 

 Now,  since the sample size of both the groups  is  the same  (20  in  each),  we  can  take either  of  them   for 

calculating  "T".   Let  us  take sample  `A'.   Here,  T  = Summation of all ranks = 433 

Now,      

         

                        n1 x (n1 + n2 + 1)  20 x (20 + 20 + 1) 

             U  =   -----------------------  =     ------------------------------ 

                                     2                                            2 

= 410 

and, since there are ties, S2 will be calculated as , 

 

                     n1 x n2 x (n1 + n2 + 1)              Sum of t (t2 - 1)      

                 S2 =   -----------------------------         -          --------------------------- 

                                          12                                  ( n1 + n2) x (n1 + n2 + 1) 

   



 Now,  just  turn  back  and  see  the  various   "tied" positions and the number of tied subjects in each  position.  

Thus, the first tied position was at a value of 9.9 in which there were two tied subjects, the second tie was at a  value 

of 10.6 in which there were 3 tied subjects, and so on. 

Thus, sum of t (t2 - 1)  

= 2(22-1)+ 3(32 - 1) + 4(42 - 1) + 2(22 - 1) + 3(32 - 1) + 2(22 - 1) + 2(22 - 1) = 132 

Thus S2 

 

=              20 X 20 X (20 + 20 + 1)                              132           

              --------------------------------         -     ---------------------------------- 

                               12                                      (20 + 20) X (20 + 20 - 1) 

                          

= 136.59 

               ____            ______ 

and S = √ S2         =  √136.59  =  11.69 

thus, finally  

 

        (T - U) - 1/2                  (433 - 410) - 1/2   

Z = -----------------    =    -----------------------------  = 1.92 

                S                                    11.69 

 Since the  calculated value of Z (1.92) is  less  than 1.96, we conclude that there is no significant difference 

in the  effect  of special nutrition education  versus  general health education  as  regards  the  outcome  (Hb  level  in 

pregnant  ladies).  The apparently better median in  group  A (11.25) as compared to group B (11.0) as seen in our 

samples is likely  to be due to "chance" (i.e., Random or sample  to sample variations). 

20.32. Non Parametric Test for Three or More Samples. As discussed earlier in this unit, under ANOVA,  when we 

have to compare the "means" of three or more samples, the correct procedure  is ANOVA and not the ̀ t' test.  Similarly, 

if we  are dealing with  numerical  ordinal data and are comparing  3  or  more samples, then the correct procedure is 

not to undertake Wilcoxon test or Mann - Whitney tests between the groups but to do the "Kruskal  - Wallis test". 

Steps in undertaking Kruskal – Wallis Test. The procedure of Kruskal - Wallis test is as follows:- 

1.  Pool all the observations combining all the samples, thus constructing a combined sample of size `N'   (N = 

n1 + n2 + n3  ............). 

2.  Assign ranks to the individual observations using the average rank in the case of tied observations. 

3. Calculate the sum of ranks (R) for each of the  samples separately. 

4. If there are no ties, compute `H' as : 

   

                 12               X            sum of all R2 

H =    ------------                          ---------------         -    3(N + 1) 

             N(N + 1)                                 n   



 

If there are ties, divide the above value of "H" by the following to get the values of H* 

                                               H   

      H*      =       -------------------------------------- 

                                         [Sum of all (t3 - t)] 

                           1 -      --------------------------- 

                                                 (N3 – N) 

(where N = Sum of all the samples, i.e., n1 + n2 + n3  ............). 

6. Calculate the degrees of freedom (d.f) as d.f = (k -  1) where k = number of groups being compared. 

7. Now see the Chi - square table at p = 0.05 and d.f = (k  -  1), as explained in unit-11.  If  the  calculated value 

of H (or, H* if there are ties) is more than the table value of chi square then we conclude that the  results  are 

significant  and  that  at least  two  or  more groups   are different  amongst  each  other.  If this  is  so,  then  we 

proceed further to do the inter group comparisons, using the Dun's procedure (a counterpart of L.S.D. procedure 

used  for intergroup comparisons after ANOVA). 

Note: The Kruskal Wallis test should be used only  if  the smallest  sample  in any individual group is at least  5  or 

more. If  any one group sample size is less  than  5,  then consult a research methodologist or biostatistician. 

20.33. Demonstration of Kruskal Wallis Test with an Example. Let  us demonstrate the calculations in Kruskal  Wallis 

test  with  a hypothetical example of a new drug  which  was evaluated  for  providing  symptomatic  relief  in lumbago 

(chronic low backache).  Patients were randomly allocated into 4 groups of 10 each.  The first group received a course 

of aspirin, the second received ibuprofen, the third received indomethacin and the fourth received the test drug ("X").  

The change in symptoms noticed by the patients was recorded as: 

Marked relief = +3; moderate relief = +2; mild relief =  +1; no   change   =  0;  mild deterioration  =   -1;   moderate 

deterioration = -2; marked deterioration = -3.  The data  is presented as follows (Sc = Score, R = Rank): 

============================================================================ 

Subject  Aspirin  Ibuprofen  Indomethacin  Drug "X" 

No.   Sc       R  Sc R  Sc       R  Sc R 

============================================================================== 

1    -3 2.5 -2 8  +3 38.5  -3 2.5 

2  +3 38.5 +2 32  +1 24  -2 8 

3  +2 32 +1 24  +3 38.5  +3 38.5 

4  +1 24 0 18.5  -3 2.5  +2 32 

5  +2 32 +1 24  0 18.5  +2 32 

6  0 18.5 +1 24  -3 2.5  -1 14 

7  -2 8 +2 32  +1 24  -2 8 

8  +1 24 -1 14  +2 32  +2 32 

9  -1 14 -1 14  -1 14  0 18.5 

10  +2 32 -2 8  -2 8  -2 8 



(see step 1 below for method of assigning ranks, i.e., ‘R’) 

Step  1 :  Pool the four samples into a  single  table  and assign ranks as follows 

============================================================ 

Score  No. of   Range of  Average rank assigned   

  Subjects  ranks   to each subject in that  

  in that score    score  

============================================================ 

-3  4  1 to 4             (1+4 ) 

                --------- = 2.5 

           2 

 

-2  7  5 to 11            (5+11 ) 

                 --------- = 8 

       2 

 

-1  5  12 to 16             (12+16 ) 

                   ------------ = 14 

          2 

 

0  4  17 to 20            (17+20 ) 

                      --------- = 18.5 

              2 

 

+1  7  21 to 27              (21+27 ) 

                        --------- = 24 

               2 

 

+2  9  28 to 36             (28+36) 

                      --------- = 32 

             2 

 

+3  4  37 to 40            (37+40 ) 

                      --------- = 38.5 

             2 

=============================================================== 

Total (N) = 40 

============================================================ 



2. Now,  calculate the sum of ranks (R) for  each  sample; thus, for group 1 (aspirin), R = (2.5 + 38.5 + .... + 

14  + 32) = 225.5; Similarly, R for group 2 (ibuprofen) = 198.5, for group 3  = 202.5; for group 4 = 194.5 

3. Calculate H as           

 

               12                          Sum of        R2 

H =    ------------      X                       ------      -    3 X (N + 1) 

          N x (N + 1)                                n   

 

 

               12                     225.52       198.52 202.52       193.52             

H =      ------------     X    --------  +   ------   +   ---------  +  -------          -  3 X (40 + 1) 

            40 x (40+1)            10                10                    10            10  

 

 

                   12                           

H =         ------------     X        16870.1              -   123 

                 40 x 41                               

   = 0.44 

4. Since there are ties, we will have to calculate H* as 

 

                                                H   

      H*      =       -------------------------------------- 

                                         [Sum of all (t3 - t)] 

                           1 -      --------------------------- 

                                                 (N3 – N) 

 Now,  in "sum of all (t3 - t)”, "t" means the number  of subjects  in  each tied place; there are 4 subjects  in  the 

first tied place, 7 in the second tied place and so on  till there are 4 subjects in the last tied place.  thus, the "sum of all 

(t3 – t) 

= (43 - 4) + (73 - 7) + (53 - 5) + (43 - 4) + (73 - 7)   + (93 - 9) + (43 – 4)  

= 1692 

and, (N3 - N) = (403 - 40) = 63960 

                                                1692 

Thus the denominator = 1 -   --------     = 0.974 

                                                 63960 

                         0.44 

Hence, H* = ---------- = 0.452  

                       0.974 



5. The  degrees of freedom (df) is calculated as (k -  1), where k is the number of groups.  Since there are 

4  groups, df = (4 - 1) = 3 

6. On seeing the chi square table, at p = 0.05 and df = 3, we find that the table value is 7.81.  since our  calculated 

H*  value of 0.45 is much lower than the table value  (7.81) we conclude that there is overall, no significant difference 

among the 4 types of drugs as far as degree of  symptomatic relief from lumbago is concerned. 

20.34. Comparison  of Specific Groups after Kruskal Wallis Test  : Dunn's Procedure:  In our above example, the 

result of Kruskal Wallis test are  not significant and hence there is no need  to  further undertake  inter  group 

comparisons.   However,  if Kruskal Wallis test gives significant results, it means that overall there is a significant 

difference and that atleast two  (or more) groups are significantly different from  each other.  Now, to  specifically  find 

out which  of  the  groups  are significantly different, we have to do the Dunn's test  (non 

parametric  analogue  of  L.S.D.  method  for  inter group comparisons  of means, after ANOVA, as explained 

in  chapter 31).  In our present example, we are not required  to do  the Dunn's test (since Kruskal Wallis test has 

already given "not  significant results"). However, just for the  sake  of illustration,  we  willd emonstrate the 

procedure. Let  us say we want to compare the first and  second  groups.  The  first step in Dunn's procedure is to 

calculate the  "Z" value as follows : 

                                   X1 – X2 

Z =                    ------------------------------------------ 

                           N X (N + 1)          1          1 

                          --------------   X   ---    +  ---- 

                                 12                   n1        n2 

                        R1 

where   X1 = ------- 

                         n1 

                   R2 

and   X2 = ------- 

                   n2 

R1 = sum of ranks of first group being compared. 

R2= sum of ranks of second group being compared. 

n1= sample size of first group being compared.  

n2= sample size of second group being compared. 

N = overall sample size (Remember that it is all  the groups in the data taken together, i.e., n1 + n2 + n3 +.......... and 

NOT only n1 + n2, etc.) 

In our example,  

R1= sum of ranks of each individual subject in first group 

       = 2.5 + 38.5 + ........ + 14 + 32        = 225.5 

Similarly, R2 = 8 + 32 + ...... + 14 + 8   = 198.5 

and n1= 10,    n2 = 10,    N = 10 + 10 + 10 + 10 = 40 



thus, X1 = 225.5/10 = 22.55 

and   X2= 198.5/10 = 19.85 

           

        22.55 - 19.85 

   Z =          --------------------------------------------- 

                     40 X (40 + 1)              1                  1  

                   ---------------      X      ------  +   --------- 

                         12                           10              10  

     

   2.7                     2.7 

 =  ------------------  =    -------------  =  0.52 

   √136.67 X 1/5               5.23 

Now, look at the following table for finding out the Z value for comparison according to the number of samples. 

=========================================================== 

No. of samples     Table value of Z at p = 0.05 

3 2.41 

4 2.63 

5 2.81 

6 2.93 

7 3.03 

8 3.62 

=========================================================== 

 In  the first  column are given the  total  number  of groups  that  have been studied by us (eg.  in  our  present 

example the total number of groups is 4).  The corresponding Z  value  is given in the second column.  First  of  all  we 

would select out the appropriate Z value according  to  the total number of groups that are there in our study and  read 

the corresponding table value.  Thus, in our example, there are a total of 4 groups; hence the corresponding Z value is 

2.63.  Now if our calculated Z value is more than this table value we conclude that the two groups, for which the Dunn's 

test is being done, are significantly different.   On the other hand, if our calculated Z value is less (eg.  in  our 

example  our  calculated Z value of 0.52 is  less  than  the table value of 2.63), then we conclude that the two  groups 

are  not  significantly different (p  >  0.05).  Similarly, inter-group comparisons will be made for all the groups using 

the Dunn's procedure. 

20.35. Check your progress – 2 

6. Which of the following is a “non-parametric test: (a) ‘Z’ test for difference in means of two large samples (b) ‘t’ 

test for dependent samples (c) ‘t’ test for two independent samples (d) Chi Square test (e) ANOVA 

7. The non-parametric counterpart of Unpaired `t' test is (a) Wilcoxon's rank sum test  (b) Mann Whitney "U" test (c) 

Wilcoxon's signed rank test (d) ANOVA (e) Kruskal Wallis test 

8. In a research to assess the allergic effect of a “skin fairness cream”, the cream containing the active ingredient was 



applied to the right cheek while a placebo cream not containing the ingredient was applied to the left cheek. A total of 

25 subjects were studied. The extent of redness produced on both the cheeks was graded as nil, mild, moderate and 

severe. The appropriate statistical test to be used in this situation to compare these grades on left versus right cheeks 

of the 25 subjects will be: (a) ‘t’ test for paired samples  (b) Mann Whitney "U" test (c) Wilcoxon's signed rank test 

(d) chi square test (e) Kruskal Wallis test.  

9. In which of the following test do we look up the chi square table for final assessment of statistical significance: (a) 

ANOVA (b) Kruskal Wallis test (c) Mann Whitney U test (d) Wilcoxon signed rank test (e) ‘t’ test for paired samples. 

10. Once Kruskal Wallis test has given significant result, the test for comparing individual groups in a non-parametric 

situation is: (a) Dunn’s procedure (b) LSD method (c) Bartlett’s test (d) ANOVA (e) chi square test. 

20.36. Summary. 

 It would be recapitulated from Unit – 11, that the ‘t’ test for comparing the means should be used only if two 

samples are being compared; if there are more than two samples whose means are to be compared then ANOVA 

(and not ‘t’ test) should be used. It is only after ANOVA gives statistically significant results, that the comparisons 

between two individual groups should be done using a modified procedure of ‘t’ test (the LSD method).  

 The heart of ANOVA is the ANOVA table, which after the various step-wise calculations as elaborated in this 

unit, is presented as follows: 

Table – 20.1. : ANOVA  TABLE 

============================================================================== 

Source of   Sum of       Degrees of  Mean Square    Variance Ratio 

Variation   Squares       Freedoms            (VR) (also     

  (SS)              (df)                 (MS)  called F value 

============================================================================== 

Between          ∑(niXi
2)  -     (∑niXi)2           (k-1)           S.S. Between     V.R. (or, F) = 

groups                  N         (k-1)                     M.S. Between           

(Syn:Among                   M.S. Within 

 groups                                                       

---------------------------------------------------------------------------------------------------------- -------------------------- 

Within            ∑(ni – 1) Si
2             (N-K)           S.S. Within                 

groups                                      (N - K) 

(Syn:error)                                   

----------------------------------------------------------------------------------------------------------- --------------------------- 

Total   S.S. Between         (N–1)  S.S. Total 

   +    --------------- 

   S.S. Within       (N - 1)   

 

=============================================================================== 

 The V.R. (or, F) value so calculated is finally checked against  the " F-Table" at a degree of freedom ( d.f.)  for 



numerator = (k-1) and a degree of freedom for denominator = (N-k) 

 The second part of this unit dealt with the “non-parametric” tests. It should be noted that even for comparing two 

groups, the ‘t’ test should be used only when we are comparing the “means” (i.e., when the data has been recorded 

as continuous or discrete numerical variable). However when the two groups being compared for a variable for 

which measurements have been made on a “numerical ordinal” scale, then we should not undertake ‘t’ test for 

comparing means but rather we should undertake non-parametric tests for comparing the “medians”. The non-

parametric tests are so named since they do not compare “parametres” (as means) of samples.  For comparing two 

independent sample medians, the non-parametric test is the “Wilcoxon rank sum test” (or else the Mann Whitney 

U test), while for comparing the medians of dependent samples (as before and after studies), the non-parametric 

test is the Wilcoxon’s signed rank test. The non-parametric extension for comparing three or more sample medians 

(a counterpart of ANOVA for three or more means) is the  “Kruskal Wallis “ test followed by “Dunn’s procedure” 

for inter group comparisons. In fact, the Chi Square test described in Unit – 11 is also, by definition, a “non-

parametric” test.  

 The various non-parametric tests along with their “parametric” counterparts, which have been elaborately 

discussed in this unit are: 

 Parametric Test   Non - Parametric Test 

 Unpaired `t' test   Wilcoxon's rank sum test   

     (Mann Whitney "U" test) 

 Paired `t' test   Wilcoxon's signed rank test 

 ANOVA   Kruskal Wallis test 

20.37. Glossary. 

 Analysis of Variance (ANOVA). A statistical procedure to test for the significance of differences between the 

means of three or more samples. The procedure can also be undertaken for comparing the means of two samples, 

but usually the ‘t’ test is used in such situations. ANOVA should be used only if the variances between the three 

or more groups being compared are NOT significantly different. 

 Within the group variations. The variance within an individual group, when ANOVA is being used to compare 

the means of three or more samples. 

 Between the groups variations. The variance between the three or more groups, when ANOVA is being used to 

compare the means of three or more samples. 

 ‘t’ test. A test to statistically analyse the differences between two sample means (either independent samples or 

dependent samples). The ‘t’ test is a specialized form of ANOVA for a two sample situation. While ANOVA can 

be also used to compare two means, the ‘t’ test cannot replace ANOVA for comparing three or more mans. 

 Bartlett’s test. A statistical procedure to assess whether the variances of the three groups proposed to be tested by 

ANOVA, are “homogenous”, i.e., they are statistically not different significantly. If they are different 

significantly, then ANOVA should not be used but rather a non-parametric test as Kruskal Wallis test should be 

used.  



 ANOVA  Table. A tabular representation of the summary of calculations. It’s column headings are respectively, 

The “source of variation”, the “Sum of Squares” (SS), the “Degrees of Freedom” (DF), the “Mean Squares” 

(MS), and the “Variance Ratio” (VR or ‘F’ value). The Row headings are “Between (or, among) the groups 

variation”, Within the groups variation” (or “error”), and the “Total”. 

 Variance ratio (VR) (also called F value). The ratio  calculated by dividing the Mean Squares (Between) by 

Mean Squares (Within). The value so obtained is compared with the ‘F’ table value at degrees of freedom of 

(number of groups – 1) for the numerator and (Grand total of all subjects in all groups taken together – number 

of groups) as the denominator DF.  

 L.S.D.  procedure. A statistical procedure to compare various individual groups with each other once ANOVA has 

given overall significant results. 

 Two Way Analysis Of Variance (Two Way ANOVA). Statistical extension of simple ANOVA to a situation in 

which the “interaction” between the predictor variables is also being statistically assessed, i.e., when both the 

predictor variables are present as compared to when none of the is present or either one of them is present.  

 Non-Parametric Tests. Statistical procedures which do NOT compare “statistical parameters” as “means”. 

Examples include Wilcoxon's rank sum test (Mann Whitney "U" test), Wilcoxon's signed rank test, Kruskal Wallis 

test and Chi Square test.  

 Wilcoxon's rank sum test (Mann Whitney "U" test). A non-parametric test for comparing the medians of two 

independent samples. It is a counterpart of the ‘t’ test for comparing the means of two independent samples. 

 Wilcoxon's signed rank test. A non-parametric test for comparing the medians of two dependent samples. It is a 

counterpart of the ‘t’ test for comparing the means of two dependent (paired) samples. 

 Kruskal Wallis test. A non-parametric test to statistically analyse the significance of difference between the 

medians of three or more samples. It is the non-parametric counterpart of ANOVA for three or more sample means. 

It is also used when ANOVA cannot be used because the variances of the three or more groups being compared 

are statistically different (i.e., the variances are NOT homogenous).  

 Dunn's test. A statistical procedure used to test for the significance of difference between individual sample means 

after Kruskal Wallis test has given overall significant results. It is a non-parametric counterpart of LSD procedure 

which is undertaken for means, after ANOVA has given overall significant results. 

20.38. Self-Assessment Test. 

Q.1. Discuss the uses and limitations of ANOVA. Describe the ANOVA table using suitable statistical notations. 

Q.2. Enumerate the various “non-parametric” tests and the various situations in which they are used. Give the 

description of a non-parametric test which you will use to compare the medians of two independent samples. 

Q.3. Write short notes on: (a) Kruskal Wallis test (b) Two way ANOVA (c) Bartlett’s test for homogeneity of 

variances. 

20.39. Suggested References / Reading Material 
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2. P Armitage, G Berry, JNS Mathews. Statistical Methods in Medical Research. 4th Edition, 2002. Blackwell 

Publishing Company, Massachusetts, USA. 

3. S A Glantz. Primer of Biostatistics. 7th Edition, 2012. McGraw Hill Medical Publications, New York, USA. 

20.40. Answers to Check Your Progress 

1.  (d) comparing means of three samples whose variances do not differ significantly; 2. (a) “Between the groups” 

divided by “Within the group”; 3 (e) ‘t – test’ can be used to compare the means of three samples.; 4 (a) Bartlett’s 

test; 5 (b) Total number of groups – 1; 6. (d) Chi Square test; 7. (a) Wilcoxon's rank sum test; 8. (c) Wilcoxon's 

signed rank test; 9. (b) Kruskal Wallis test; 10. (a) Dunn’s procedure. 

 

 

 


